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Einstein gravity

What’s wrong with Lorentzian symmetry? 
Nothing, but general relativity is hard! 

Einstein gravity contains Newtonian gravity, 

          ,     ,     weak coupling   

but where is the geometry? 

            Newton-Cartan geometry! [Cartan] [Künzle] [Dautcourt] … 

Now understand better [Van den Bleeken] [Hansen, Hartong, Obers] 
• how Newton-Cartan geometry arises from Lorentzian 
• how Newtonian gravity arises from GR  
• weak coupling and low velocity are independent! 

Main tool: covariant expansion of geometry in powers of  
          see also review [Hartong, Obers, GO]
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What’s wrong with Lorentzian symmetry? 
Nothing, but string theory is also hard! 

Simpler subsector: non-relativistic strings and quantum gravity 
[Gomis, Ooguri] [Danielsson, Guijosa, Kruczenski] 

• decoupling limit of string theory 
• non-relativistic spectrum 
• easier worldsheet theory? 

see also review [GO, Yan] or ask Chris Blair! 
other non-Lorentzian reviews [Bergshoeff, Gomis, Figueroa-O’Farrill] [Baiguera] 

This talk: ultra-local  Carroll limit 
• other tractable limits? 
• flat space holography?
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Curvature and gravity

compare: Lorentzian geometry  

      

Compatible torsion-free connection  

defines curvature  

     

          

metric has local Minkowski structure 

Mirror this for local Galilean and local Carroll structures

ds2 = gμνdxμdxν = − f dt2 + f −1dr2 + r2dΩ2

∇ρgμν = 0

[∇μ, ∇ν] Xσ = − Rμνρ
σ Xρ

gμν = (−1 0
0 1)

AB

f 0
0 1/ f
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Newton-Cartan and Carroll geometry



Galilean geometry

Galilean boost 

preserves 
• time coordinate      

• space direction        

For curved geometry: 
• clock one-form  

• spatial cometric several  

known as Newton-Cartan geometry

(1 0)

(0
1)

τμdxμ ∼ (1 0)

hμν∂μ∂ν ∼ (0
1)
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Curvature and gravity

Newton-Cartan geometry  and  

Has local Galilean structure! 

        and   several  

Clock form defines spatial foliation (if ), e.g. 

      ,     

Compatible connection  and  

  curvature     

   torsion                        determined by 

τμ(xρ) hμν(xρ)

τμ ∼ (1 0) hμν = δabeμ
aeν

b ∼ (0
1)

τ ∧ dτ = 0

τμdxμ = − 1 − R
r

dt hμν∂μ∂ν = (1 − R
r ) ∂2

r + 1
r2 ∂Ω2

∇̌ρτμ = 0 ∇̌ρhμν = 0

[ ∇̌μ, ∇̌ν] Xσ = − Řμνρ
σ Xρ

2Γ̌ρ
[μν] = 2τρ∂[μτν] dτ

Newton-Cartan geometry



Clock one-form  and spatial cometric  

• get absolute time if  

• then  

• time  is path-independent 

• get time dilation if  ! 

Dynamical gravity from same ingredients: 
• Ricci curvature   

• energy-momentum tensor  

Modern perspective [Van den Bleeken] [Hansen, Hartong, Obers] 
     arises from covariant expansion of GR around  

Leads to ‘type II’ Newton-Cartan, see review [Hansen, Obers, GO]

τμ(xρ) hμν(xρ)
dτ = 0

τ = dt
t

dτ ≠ 0

Řμνρ
σ

Ťμ
ν

c → ∞

vNewton-Cartan gravity
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Carroll geometry

Starting from ‘relativistic’ Lorentz boosts 
 

get Carroll boosts in ultra-local limit , [Levy-Leblond] [Sen Gupta] 
 ,       and     ,     

Less obviously physical, but 
• ultra-local behavior leads to solvable systems 
• appears in Lorentzian geometry on null surfaces such as  
• BMS asymptotic symmetries are isomorphic  

to conformal Carroll algebra [Duval, Gibbons, Horvathy, Zhang]

t → t + βx, x → x + βt

c → 0
t → t + λx x → x ∂t → ∂t ∂x → ∂x + λ∂t

ℐ+



Galilean geometry

Carroll boost 

preserves 

• time direction              

• space coordinate        

For curved geometry: 

• time vector field  

• spatial metric twice  

known as Carroll geometry

(1
0)

(0 1)

vμ∂μ ∼ (1
0)

hμνdxμdxν ∼ (0 1)
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Carroll geometry  and  

Has local Carrollian structure! 

        and   several  

Time vector field defines line bundle 

      ,     

Compatible connection  and  

  curvature     

   torsion                        

   determined by extrinsic curvature 

vμ(xρ) hμν(xρ)

vμ ∼ (1
0) hμν = δabeμ

aeν
b ∼ (0 1)

vμ∂μ = − ∂t hμν∂μ∂ν = t2pxdx2 + t2pydy2 + t2pzdz2

∇̃ρvμ = 0 ∇̃ρhμν = 0

[ ∇̃μ, ∇̃ν] Xσ = − R̃μνρ
σ Xρ

2Γ̃ρ
[μν] = 2hρστ[μKν]σ

Kμν = − 1
2 ℒv hμν

Carroll geometry



Outline

• Why not Lorentzian? 

• Newton-Cartan and Carroll geometry 

• Carroll expansion of general relativity 

• Carroll field theories and flat holography 

• Summary and outlook



Caroll from Lorentzian

From Lorentzian geometry get Carroll plus corrections by expanding around   

Two-step process [Hansen, Obers, GO, Søgaard] 

Rewrite: Choose time vector  and rewrite 

            ,                     

exposes overall factors of  in the metric 

Expand: Carroll geometry at leading order in  expansion 

           

local Lorentz boosts  local Carroll boosts + corrections 
          see also [Bergshoeff, Izquierdo, Ortín, Romano] for algebraic perspective

c → 0

Vμ

gμν = − c2TμTν + Πμν gμν = − 1
c2 VμVν + Πμν

c2

c2

Tμ = τμ + c2mμ + ⋯, Vμ = vμ + ⋯
Πμν = hμν + c2Φμν + ⋯, Πμν = hμν + ⋯

→



Carroll geometry from Lorentzian

Carroll connection  and curvature  from Levi-Civita 

Rewrite Levi-Civita with explicit factors of  

           , 

where  are known tensors. Expand to get  

Get connection  so that  and , 

           

Non-zero torsion  

Rewrite  where  and expand  where  

Γ̃ρ
μν R̃μνρ

σ

c2

Γρ
μν = 1

c2 S(−2)
ρ

μν + C̄ρ
μν + S(0)

ρ
μν + c2S(2)

ρ
μν

S(n)
ρ

μν C̄ρ
μν = Γ̌ρ

μν + ⋯

Γ̃ρ
μν ∇̃μvν = 0 ∇̃ρhμν = 0

Γ̃ρ
μν = − vρ∂(μτν) − vρτ(μℒvτν) + 1

2 hρσ (∂μhνσ + ∂νhσμ − ∂σhμν) − hρστνKμσ

T̃ρ
μν = 2hρστ[μKν]σ

−g = cE E = det(Tμ, Πμν) E = e + ⋯ e = det(τμ, hμν)

Newton-Cartan geometry from LorentzianCaroll geometry from Lorentzian geometryCaroll from Lorentzian



Carroll geometry from Lorentzian

Rewrite the Einstein-Hilbert action,  is extrinsic curvature 

           

From Lorentzian point of view a strange thing to do! 
     (  is neither flat nor Lorentz-metric-compatible nor torsion-free) 

But enables us to expand the action in , Carroll geometric expansion! 

           

At leading order get timelike (or electric) Carroll gravity action 

          

𝒦μν = − 1
2 ℒVΠμν = Kμν + ⋯

S = c3

16πG ∫M
R −g ddx

≈ c2

16πG ∫M [(𝒦μν𝒦μν − 𝒦2) + c2 ΠμνR̄μν + c4 ΠμρΠνσ∂[μTν]∂[ρTσ]] E ddx

C̄ρ
μν = Γ̌ρ

μν + ⋯

c2

S = c2SLO + SNLO + 1
c2 SNNLO + ⋯

SLO = 1
16πG ∫M

[KμνKμν − K2] e ddx

Newton-Cartan gravity from GRCaroll from Lorentzian



Carroll expansion of GR: timelike

Leading-order  expansion of GR gives timelike/electric Carroll gravity action 

           

Similar actions also found in [Henneaux] [Hartong] [Henneaux, Salgado-Rebodello] 

EOM split into constraint and evolution equations [Hansen, Obers, GO, Søgaard] [Dautourt] 

                   

Evolution can be solved analytically!            

Solutions include Kasner      ,    

c → 0

S = 1
16πG ∫M

[KμνKμν − K2] e ddx,

0 = KμνKμν − K2

0 = hρσ ∇̃ρ(Kσμ − Khσμ)
ℒvKμν = − 2Kμ

ρKρν + KKμν

0 = − R(3) + KμνKμν − K2

0 = hρσ ∇(3)
ρ (Kσμ − Khσμ)

ℒvKμν = R(3)
μν − 2Kμ

ρKρν + KKμν − ∇(3)
μ aν − aμaν

aμ = vρ ∇ρvμ

vμ∂μ = − ∂t hμν∂μ∂ν = t2pxdx2 + t2pydy2 + t2pzdz2

vμ



Carroll expansion of GR: spacelike

From other limit can get spacelike/magnetic Carroll gravity action 

           

Subset of full NLO action in  expansion, no dynamics since  

Projecting EOM on spatial hypersurface, constraint is now 

           

In Lorentzian EOM responsible for massive solutions   

Indeed now find isotropic ‘black hole’ solution 

           

Dynamics in full NLO theory? Subleading corrections to BKL?

S = 1
16πG ∫M

[hμνR̃μν + χμνKμν] e ddx,

c → 0 Kμν ∼ ℒvhμν = 0

0 = R(3)

∼ −1 + 2GM
r

vμ∂μ = M + 2r
M − 2r

∂t hμνdxμdxν = (1 + M
2r )

4
δij dxidxj

vμ
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Carroll geometry and flat holography

Holographic dual field theory for asymptotically flat spacetimes? 

In 3+1 dim: BMS  asymptotic symmetries on  

superrotations  
• Virasoro symmetries of  
• suggests 2d celestial CFT dual: CCFT  

supertranslations  
•  Carroll boosts at each  
• suggests 3d Carrollian CFT dual: BMS   CCar  

See [Donnay, Fiorucci, Herfray, Ruzziconi] and [Bagchi, Banerjee, Basu, Dutta] 

Few explicit CCFT  theories known, 
but can construct CCar  examples from  limit!

4 ℐ+ ≃ ℝ × S2

z → g(z), z̄ → ḡ(z̄)
CFT2

2

u → u + f(z, z̄)
∼ (z, z̄)

4 ≃ 3

2

3 c → 0

f(z, z̄)∂u

g(z)∂z
ℐ+ ≃ ℝ × S2



Carroll geometry and flat holography

Holographic dual field theory for asymptotically flat spacetimes? 

Distinct Cauchy surfaces in bulk: 

     Celestial CFT  ~ S-matrix scattering process 

     Conformal Carrol  ~ natural limit of AdS/CFT? 

Related by Fourier and/or (modified) Mellin transform 
[Donnay, Fiorucci, Herfray, Ruzziconi]  [Bagchi, Banerjee, Basu, Dutta] 

But what is overlap?

2

3

CCFT2

CCar3

vμ = 0



Carroll geometry and flat holography

Holographic dual field theory for asymptotically flat spacetimes? 

Conformal Carrol  from a limit of AdS/CFT? 

• Correlators arise from AdS Witten diagrams? 
[Pipolo de Gioia, Raclariu] [Bagchi, Dhivakar, Dutta] 

• Need ‘leaky’ -BMS boundary conditions in AdS 
to take limit of gravitational asymptotic phase space 
[Compère, Fiorucci, Ruzziconi] 

• Hence sources in field theory! 
[Barnich, Fiorucci, Ruzziconi] [Donnay, Herfray, Fiorucci, Ruzziconi] 

3

Λ
CFT2

CCar3

vμ = 0
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Summary and outlook

Have ultra-local Carroll limits and expansion of GR 

Similar field theory limits and expansion related to flat holography 

Ongoing and future challenges: 

• Carroll gravity at NLO and subleading BKL? 

• further develop conformal Carroll  celestial CFT dictionary 

• understand role of ‘leakiness’ in flat holography (limits) 

Interpolate between full GR and non-Lorentzian limits? 

Top-down flat holography from  limit of AdS/CFT?

⟺

c → 0


